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Induction works for the natural numbers because of special ordering
Propert}es on W Whlch ensure thak en = W hac s novwt Inreost fﬁnﬁl‘nmcnr\
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element n + 1. The Property of 'I‘ra.nsﬁmte Induction (see e.g. Mendelson
12]) generalizes strong induciion to well-ordered seis {lineariy ordered sets
for which every nonempty subset has a least element):

Property of Transfinite Induction: Let < be a well-ordering for the set

W. Suppose that for all w € W, we have Q{w) whenever Q(y) forally € W
such that y < w. Then Y € W(Q(w)).
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en the truth set {z € WEO(zH is a nonempty subset of
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W aad hence <o t&ns 2 least element 1. Thusi,fox,,a_l,y <, QHy), and so
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Qfw), which is a contradiction.. . B .0
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In general, induction cannot be used io esiablish results of the
Vo € IR(Q(Q:\), hecange the et of real numbers R is not N S
the usual order “less than”. For example, even though the proposition z < 3 e
Jholds whenever y < 3 for all ¥ < 2, it is not the case that =

z€
There are, however, ways to use induction on certain closed subsets of
IR for cer ta‘n predﬁ.t:r&tes i

Theorem 1: Let a € JR. Suppose the iruth set A ={i-& R{QH{) s aw open R
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Vit € [, oo} (@(2))-

Proofs Suppose that §{¢) for some t € [a, 00). Then ${ ; - =
is nonempty, closed, and bounded below, and h,zs containg ite imfmum T
Hence, for all z € [a,T], we have @z}, and so @(T), which is a contradiction.
0
Note that the sccond hypothesis of Theorem 1 vacuously implies Q{a) -} —
In applications, one must take care to verify this case,
Theorem 1 can easily be extended fo any subset of IR Whlch is closed

and bounded below:

Theorem 2: Suppose K C R is closed and bounded below in IR; r“i":{i’E"” A SRR
R|Q(#)}. is.apen in IR;_and for allt € K Q(t), whenever Q(z) for allz € K )
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such that x < t. Then ;
vt € K(Q(1)).













